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max
0≤k≤N
E|Ytk − Y Ntk |2 +
N−1∑
k=0
∫ tk+1
tk
E|Zt − ZNtk |2dt
≤ C((1 + |X0|2)h+ E|Φ(X)− ΦN(PNtN )|2).
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
E|Ytk−Y Ntk |2
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tk+1 E|Ytk+1−Y Ntk+1 |2
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Ytk − Y Ntk
$ Dﬁ G
Ytk − Y Ntk = Etk(Ytk+1 − Y Ntk+1) + Etk
∫ tk+1
tk
[f(s,Xs, Ys, Zs)− f(tk, XNtk , Y Ntk , ZNtk )]ds.
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γ > 0
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G
E|Ytk − Y Ntk |2
≤(1 + γh)E(|Etk(Ytk+1 − Y Ntk+1)|2)
+ (h+
1
γ
)E
∫ tk+1
tk
|f(s,Xs, Ys, Zs)− f(tk, XNtk , Y Ntk , ZNtk )|2ds
≤(1 + γh)E(|Etk(Ytk+1 − Y Ntk+1)|2) + C(h+
1
γ
)E
∫ tk+1
tk
|Zs − ZNtk |2ds
+ C(h+
1
γ
)h(h+ sup
tk≤s≤tk+1
E|Xs −XNtk |2 + sup
tk≤s≤tk+1
E|Ys − Y Ntk |2)
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H2tk,tk+1(R
q)
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φ : [tk, tk+1] → Rq ﬃﬂMN 1hE
∫ tk+1
tk
|φs|2ds <∞ 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Ztk =
1
h
Etk
∫ tk+1
tk
Zsds
 "ﬃﬂ
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)!
(Zs)tk≤s≤tk+1

L2(Ftk) ⊂ H2tk,tk+1(Rq)
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E
∫ tk+1
tk
|Zs − ZNtk |2ds = E
∫ tk+1
tk
|Zs − Ztk |2ds+ E
∫ tk+1
tk
|Ztk − ZNtk |2ds
= E
∫ tk+1
tk
|Zs − Ztk |2ds+ hE|Ztk − ZNtk |2.
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Ztk =
1
h
Etk(Ytk+1∆Wk) +
1
h
Etk(∆Wk
∫ tk+1
tk
f(s,Xs, Ys, Zs)ds).
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E(|ZNtk − Ztk |2) ≤
2
h2
q∑
l=1
E|Etk({Ytk+1 − Y Ntk+1}∆Wl,k)|2
+
2
h2
E
(
|Etk(∆Wk
∫ tk+1
tk
f(s,Xs, Ys, Zs)ds)|2
)
.
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|Etk({Ytk+1 − Y Ntk+1}∆Wl,k)|2 =|Etk({Ytk+1 − Y Ntk+1 − Etk(Ytk+1 − Y Ntk+1)}∆Wl,k)|2
≤h{Etk(|Ytk+1 − Y Ntk+1 |2)− |Etk(Ytk+1 − Y Ntk+1)|2}
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E(|ZNtk − Ztk |2)
≤C
h
{E(|Ytk+1 − Y Ntk+1 |2)− E(|Etk(Ytk+1 − Y Ntk+1)|2)}+ CE
∫ tk+1
tk
f(s,Xs, Ys, Zs)
2ds.
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E|Ytk − Y Ntk |2
≤(1 + γh)E(|Etk(Ytk+1 − Y Ntk+1)|2) + C(h+
1
γ
)h(h+ sup
[tk,tk+1]
E|Xs −XNtk |2 + sup
[tk,tk+1]
E|Ys − Y Ntk |2)
+ C(h+
1
γ
)E
∫ tk+1
tk
|Zs − Ztk |2ds+ C(h+
1
γ
){E(|Ytk+1 − Y Ntk+1 |2)− E(|Etk(Ytk+1 − Y Ntk+1)|2)}
+ Ch(h+
1
γ
)E
∫ tk+1
tk
f(s,Xs, Ys, Zs)
2ds.
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γ = C
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E|Ytk − Y Ntk |2
≤(1 + Ch)E(|Ytk+1 − Y Ntk+1 |2) + Ch(h+ sup
tk≤s≤tk+1
E|Xs −XNtk |2 + sup
tk≤s≤tk+1
E|Ys − Y Ntk |2)
+ CE
∫ tk+1
tk
|Zs − Ztk |2ds+ ChE
∫ tk+1
tk
f(s,Xs, Ys, Zs)
2ds.
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E|Ys − Y Ntk |2 ≤ 2E|Ys − Ytk |2 + 2E|Ytk − Y Ntk |2
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h
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E|Ytk − Y Ntk |2
≤(1 + Ch)E(|Ytk+1 − Y Ntk+1 |2) + Ch(h+ sup
tk≤s≤tk+1
E|Xs −XNtk |2 + sup
tk≤s≤tk+1
E|Ys − Ytk |2)
+ CE
∫ tk+1
tk
|Zs − Ztk |2ds+ ChE
∫ tk+1
tk
f(s,Xs, Ys, Zs)
2ds.
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max
0≤k≤N
E|Ytk − Y Ntk |2
≤ CE|Φ(X)− ΦN(PNtN )|2 + Ch+ Cmaxk { suptk≤s≤tk+1
E|Xs −XNtk |2 + sup
tk≤s≤tk+1
E|Ys − Ytk |2}
+ CE
N−1∑
k=0
∫ tk+1
tk
|Zs − Ztk |2ds+ ChE
∫ T
0
f(s,Xs, Ys, Zs)
2ds.
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max
k
{ sup
tk≤s≤tk+1
E|Xs −XNtk |2 + sup
tk≤s≤tk+1
E|Ys − Ytk |2}+ hE
∫ T
0
f(s,Xs, Ys, Zs)
2ds ≤ Ch.
OPﬁ ﬁ=ﬁﬂNﬁQEﬃﬂKLN¡G
max
0≤k≤N
E|Ytk − Y Ntk |2 ≤ CE|Φ(X)− ΦN(PNtN )|2 + Ch+ CE
N−1∑
k=0
∫ tk+1
tk
|Zs − Ztk |2ds.
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E
∫ tk+1
tk
|Zs − ZNtk |2ds
=E
∫ tk+1
tk
|Zs − Ztk |2ds+ hE|Ztk − ZNtk |2
≤E
∫ tk+1
tk
|Zs − Ztk |2ds+ C{E|Ytk+1 − Y Ntk+1 |2 − E|Etk(Ytk+1 − Y Ntk+1)|2}
+ ChE
∫ tk+1
tk
f(s,Xs, Ys, Zs)
2ds.
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E
∫ T
0
f 2(s,Xs, Ys, Zs)ds
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N−1∑
k=0
E
∫ tk+1
tk
|Zs − ZNtk |2ds ≤
N−1∑
k=0
E
∫ tk+1
tk
|Zs − Ztk |2ds+ Ch
+ C
N−1∑
k=0
{E|Ytk+1 − Y Ntk+1 |2 − E|Etk(Ytk+1 − Y Ntk+1)|2}
≤
N−1∑
k=0
E
∫ tk+1
tk
|Zs − Ztk |2ds+ Ch+ CE|Φ(X)− ΦN(PNtN )|2
+ C
N−1∑
k=0
{E|Ytk − Y Ntk |2 − E|Etk(Ytk+1 − Y Ntk+1)|2}
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0 ≤ k ≤ N − 1  γ > 0 G
C{E|Ytk − Y Ntk |2 − E(|Etk(Ytk+1 − Y Ntk+1)|2)}
≤CγhE(|Etk(Ytk+1 − Y Ntk+1)|2) + C1(h+
1
γ
)h(h+ sup
[tk,tk+1]
E|Xs −XNtk |2 + sup
[tk,tk+1]
E|Ys − Y Ntk |2)
+ C1(h+
1
γ
)E
∫ tk+1
tk
|Zs − ZNtk |2ds.
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γ = 3C1
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C1
G
C{E|Ytk − Y Ntk |2 − E(|Etk(Ytk+1 − Y Ntk+1)|2)}
≤C1hmax
k
E(|Ytk − Y Ntk |2) + C1h2 +
1
2
E
∫ tk+1
tk
|Zs − ZNtk |2ds.
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N−1∑
k=0
E
∫ tk+1
tk
|Zs − ZNtk |2ds ≤C
N−1∑
k=0
E
∫ tk+1
tk
|Zs − Ztk |2ds+ Ch+ Cmax
k
E(|Ytk − Y Ntk |2).
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∫ tk+1
tk
|Zs − Ztk |2ds
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N−1∑
k=0
E
∫ tk+1
tk
|Zt − Ztk |2dt ≤ C(1 + |X0|2)h.
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∑N−1
k=0 E
∫ tk+1
tk
|Zs − Ztk |2ds
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ηN,Ik ≤ Ch2I−1AN(X0) + (1 + h)E|Y N,∞,Itk − Y Ntk |2
= Ch2I−1AN(X0) + (1 + h)E|Rp0,k(Y Ntk )|2 + (1 + h)E|Y N,∞,Itk − Pp0,k(Y Ntk )|2
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E|ZN,I,Itk − ZNtk |2 =
q∑
l=1
E|Rpl,k(ZNl,tk)|2 +
q∑
l=1
E|ZN,I,Il,tk − Ppl,k(ZNl,tk)|2
≤
q∑
l=1
E|Rpl,k(ZNl,tk)|2 +
d
h
(
E[Y N,I,Itk+1 − Y Ntk+1 ]2 − E[Ek(Y N,I,Itk+1 − Y Ntk+1)]2
)
,
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E|Y N,∞,Itk − Pp0,k(Y Ntk )|2 ≤ (1 + γh)E|Ek[Y N,I,Itk+1 − Y Ntk+1 ]|2
+ Ch(h+
1
γ
)
[
E|Y N,∞,Itk − Y Ntk |2 + E|ZN,I,Itk − ZNtk |2
]
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(1− Ch)E|Y N,∞,Itk −Pp0,k(Y Ntk )|2 ≤ (1 + Ch)ηN,Ik+1
+ Ch
q∑
l=1
E|Rpl,k(ZNl,tk)|2 + ChE|Rp0,k(Y Ntk )|2.
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ζN = h
∑N−1
k=0 E|ZN,I,Itk − ZNtk |2
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ζN ≤Ch2I−2AN(X0) + Ch
N−1∑
k=0
q∑
l=1
E|Rpl,k(ZNl,tk)|2
+ C
N−1∑
k=0
E|Rp0,k(Y Ntk )|2 + C max0≤k≤N−1 η
N,I
k .
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ζN ≤ h∑N−1k=0 ∑ql=1 E|Rpl,k(ZNl,tk)|2+d∑N−1k=0 (E[Y N,I,Itk −Y Ntk ]2−E[Ek(Y N,I,Itk+1 −
Y Ntk+1)]
2
)
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E|Y N,I,Itk −Y Ntk |2 − E[Ek(Y N,I,Itk+1 − Y Ntk+1)]2 ≤ Ch2I−1AN(X0)
+ CE|Rp0,k(Y Ntk )|2 + [(1 + h)(1 + γh)− 1]E|Ek[Y N,I,Itk+1 − Y Ntk+1 ]|2
+ Ch(h+
1
γ
)
[
E|Y N,∞,Itk − Y Ntk |2 + E|ZN,I,Itk − ZNtk |2
]
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dC(h + 1
γ
) ≤ 1
2

E£3Eﬃﬂ¬	ﬀ
ζN ≤ Ch2I−2AN(X0) + Ch
N−1∑
k=0
q∑
l=1
E|Rpl,k(ZNl,tk)|2 + C
N−1∑
k=0
E|Rp0,k(Y Ntk )|2
+C max
0≤k≤N−1
ηN,Ik +
1
2
h
N−1∑
k=0
E|Y N,∞,Itk − Y Ntk |2 +
1
2
ζN .
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(ρNl,k(·) = max(1, C0|pl,k(·)|) : 0 ≤ l ≤ q, 0 ≤ k ≤ N − 1)
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|Y N,i,Itk | ≤ ρN0,k(PNtk ),
√
h|ZN,i,Il,tk | ≤ ρNl,k(PNtk ), p.s.,
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i ≥ 0  I ≥ 0 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αi,I0,k · p0,k = Y N,i,Itk
ﬁ
l = 0

√
hαi,Il,k · pl,k =
√
hZN,i,Il,tk
ﬁ
l ≥ 1
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αi,I0,k · pm0,k
ﬁ
l = 0

√
hαi,Il,k · pml,k
ﬁ
l ≥ 1 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AMk = {∀ j ∈ {k, · · · , N − 1} :‖V Mj − Id‖ ≤ h, ‖PM0,j − Id‖ ≤ h
 ‖PMl,j − Id‖ ≤ 1
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(V Mk )0≤k≤N−1

(PMl,k )0≤l≤q,0≤k≤N−1
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0 ≤ k ≤ N − 1
E|Y N,I,Itk − Y N,I,I,Mtk |2 + h
N−1∑
j=k
E|ZI,Itj − ZI,I,Mtj |2
≤ 9
N−1∑
j=k
E(|ρNj (PNtj )|21[AMk ]c) + Ch
I−1
N−1∑
j=k
[
1 + |X0|2 + E|ρNj (PNtj )|2
]
+
C
hM
N−1∑
j=k
(
E‖vjv∗j − Id‖2F E|ρNj (PNtj )|2 + E(|vj|2|p0,j+1|2)E|ρN0,j(PNtj )|2
+ h2E
[|vj|2(1 + |XNtj |2 + |p0,j|2E|ρN0,j(PNtj )|2 + 1h
q∑
l=1
|pl,j|2E|ρNl,j(PNtj )|2)
])
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√
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m
0,k+1) + hf
m
k (α
i,I,M
k )− θ.vmk
)2
.
	^´       
°c ﬁ NV!ﬁ ELﬃ# K6N
AMk
d	QE- DK6	@ﬃFE 		ﬁ %!±Yﬁ 	D ﬁ  @!
ﬀaD·ﬁ 
ρˆNl,k
3@ﬁﬂﬃﬂﬁ Eﬃ#  KLEﬃ ﬁ !
pl,k
Q=ﬁ 
E|Y N,I,Itk − Y N,I,I,Mtk |2 + h
N−1∑
j=k
E|ZN,I,Itj − ZN,I,I,Mtj |2 ≤ 9
N−1∑
j=k
E(|ρNj (PNtj )|21[AMk ]c)
+ E(1AM
k
|αI,I,M0,k − αI,I0,k|2) + h
N−1∑
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1
M
M∑
m=1
(
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0,k+1.p
m
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)2
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)2
≤Ch2
q∑
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|αi,I,Ml,k − αi−1,I,Ml,k |2λmax(PMl,k ) ≤ Ch|θi,I,Mk − θi−1,I,Mk |2.
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1
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B1 = (Id− (V Mk )−1)θ∞,Ik
B2 = (V
M
k )
−1[E(vkρˆN0,k+1(αI,I0,k+1 · p0,k+1))− 1M
M∑
m=1
vmk ρˆ
N,m
0,k+1(α
I,I
0,k+1 · pm0,k+1)
]
,
B3 = (V
M
k )
−1h
[
E(vkfk(α
∞,I
k ))−
1
M
M∑
m=1
vmk f
m
k (α
∞,I
k )
]
,
B4 =
(V Mk )
−1
M
M∑
m=1
vmk
[
ρˆN,m0,k+1(α
I,I
0,k+1 · pm0,k+1)− ρˆN,m0,k+1(αI,I,M0,k+1 · pm0,k+1)
+ h(fmk (α
∞,I
k )− fmk (α∞,I,Mk ))
]
.
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θ∞,Ik − θ∞,I,Mk = B1 + B2 + B3 + B4
YD6MNﬁ
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AMk
|θ∞,Ik − θ∞,I,Mk |2 ≤ 3(1 +
1
h
)(|B1|2 + |B2|2 + |B3|2) + (1 + h)|B4|2. 	a´     C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ﬁ ‖Id − F‖ < 1  F−1 − Id = ∑∞k=1[Id − F ]k  ‖Id − F−1‖ ≤ ‖F−Id‖1−‖F−Id‖ . ¥ E
DMVNﬀ	
F = V Mk
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ﬁ N
E(1AM
k
‖Id− (V Mk )−1‖2) ≤ (1−h)−2E‖Id−V Mk ‖2 ≤
(1− h)−2E‖V Mk − Id‖2F = (M(1− h)2)−1E‖vkv∗k − Id‖2F .
Oﬁﬂﬁ#@E
E(|B1|21AM
k
) ≤ C
M
E‖vkv∗k − Id‖2F E|ρNk (PNtk )|2.
¥cﬁﬂMN
AMk
 ‖(V Mk )−1‖ ≤ 2
Qﬁ ﬃv ﬁ 
E(|B2|21AM
k
) ≤ C
M
E(|vk|2|p0,k+1|2)E|ρN0,k(PNtk )|2,
E(|B3|21AM
k
) ≤ Ch
2
M
E
[|vk|2(1 + |XNtk |2 + |p0,k|2E|ρN0,k(PNtk )|2
+
1
h
q∑
l=1
|pl,k|2E|ρNl,k(PNtk )|2)
]
.
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AMk
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(1− h)|B4|2 ≤ (1 + h)(1 + γh)|αI,I0,k+1 − αI,I,M0,k+1|2 + Ch(h+
1
γ
)
q∑
l=0
|α∞,Il,k − α∞,I,Ml,k |2.
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²k = E‖vkv∗k−Id‖2F E|ρNk (PNtk )|2+E(|vk|2|p0,k+1|2)E|ρN0,k(PNtk )|2+h2E
[|vk|2(1+|XNtk |2+
|p0,k|2E|ρN0,k(PNtk )|2 + 1h
∑q
l=1 |pl,k|2E|ρNl,k(PNtk )|2)
]
.
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E(1AM
k
|θ∞,I,Mk − θ∞,Ik |2) ≤ C
²k
hM
+ (1 + Ch)E(1AM
k
|αI,I0,k+1 − αI,I,M0,k+1|2).
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E(1AM
k
|αI,I0,k+1 −
αI,I,M0,k+1|2) ≤ (1 + h)E(1AMk |α
∞,I
0,k+1 − α∞,I,M0,k+1 |2) + ChI−1
(
1 + |X0|2 + E|ρN0,k+1(PNtk+1)|2 +
E|ρN0,k+2(PNtk+2)|2
)
.
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E(1AM
k
|θ∞,I,Mk − θ∞,Ik |2) ≤ C
²k
hM
+ ChI−1
(
1 + |X0|2 + E|ρN0,k+1(PNtk+1)|2
+ E|ρN0,k+2(PNtk+2)|2
)
+ (1 + Ch)E(1AM
k
|α∞,I,M0,k+1 − α∞,I0,k+1|2).
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E(1AM
k
|αI,I,M0,k − αI,I0,k|2) + h
q∑
l=1
E(1AM
k
|αI,I,Ml,k − αI,Il,k |2)
≤ C ²k
hM
+ ChI−1
(
1 + |X0|2 + E|ρN0,k+1(PNtk+1)|2 + E|ρN0,k+2(PNtk+2)|2
)
+ (1 + Ch)E(1AM
k
|αI,I,M0,k+1 − αI,I0,k+1|2).
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ε < β
¬MND EMN"QEJ!ﬀaD·ﬁ 
pl,k
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
AMl,k(α) =
1
M
M∑
m=1
vmk ∂lf(tk, X
N,m
tk
, α0 · pm0,k, · · · , αq · pmq,k)[pml,k]∗,
BMk =
1
M
M∑
m=1
vmk [p
m
0,k+1]
∗, DMk =
√
M(Id− V Mk ),
CMk (α) =
M∑
m=1
{
vmk [α
I,I
0,k+1 · pm0,k+1 + hfmk (α)]− E
(
vk[α
I,I
0,k+1 · p0,k+1 + hfk(α)]
)}
√
M
.
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k = N −1 N6	 BMk = 0
!E
CMk (α)
Nﬃ 7KL
αI,I0,k+1 ·pm0,k+1
·
αI,I0,k+1 ·p0,k+1
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(AMl,k(α
i,I
k ), B
M
k , V
M
k )i≤I−1,l≤q,k≤N−1
P→,
GM = (CMk (αi,Ik ), DMk )i≤I−1,l≤q,k≤N−1 w→ .
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limM→∞ V Mk
p.s.
= Id
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ρˆN,m0,k+1
!QE ﬃ bﬀ	ﬁﬂc!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θi,Ik = E(vk[α
I,I
0,k+1.p0,k+1+hfk(α
i−1,I
0,k , · · · , αi−1,Iq,k )])
·
θi,I,Mk
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|V Mk
√
M(θi,I,Mk − θi,Ik )−DMk θi,Ik − CMk (αi−1,Ik )
−BMk
√
M(αI,I,M0,k+1 − αI,I0,k+1)− h
q∑
l=0
AMl,k(α
i−1,I
k )
√
M(αi−1,I,Ml,k − αi−1,Il,k )|
≤ 1k<N−1 C√
M
|αI,I,M0,k+1 − αI,I0,k+1|2
M∑
m=1
|vmk ||pm0,k+1|2
+
C√
M
|αi−1,I,Mk − αi−1,Ik |1+β
M∑
m=1
|vmk ||pmk |1+β.
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MN
([
√
M(θi,I,Mj − θi,Ij )]j≥k,i≤I ,GM) w→
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θ0,I,Mj = θ
0,I
j = 0
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√
M(θi,I,MN−1 − θi,IN−1)]i≤1,GM) w→
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1√
M
|α1,I,MN−1 − α1,IN−1|1+β
M∑
m=1
|vmN−1||pmN−1|1+β = |
√
M(α1,I,MN−1 − α1,IN−1)|1+βMM .
¥cﬁﬂMN
[
√
M(α1,I,MN−1 −α1,IN−1)]M
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2+β
(P)
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2+ε
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√
M(θi,I,MN−1 − θi,IN−1)]i≤I,GM) w→
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max
0≤k≤N
E|Y N,Rtk − Y Ntk |2 + hE
N−1∑
k=0
|ZNtk − ZN,Rtk |2
≤CE(|φN(PNtN )− φN,R(PNtN )|2) + ChE
N−1∑
k=0
|f(tk, XNtk , Y Ntk+1 , ZNtk )− fR(tk, XNtk , Y Ntk+1 , ZNtk )|2.
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Etk |f(tk, XNtk , Y Ntk+1 , ZNtk )− fR(tk, XNtk , Y Ntk+1 , ZNtk )|2
+ Etk |Y Ntk+1 − Y N,Rtk+1 |2 + |ZNtk − ZN,Rtk |2
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|ZNtk − ZN,Rtk |2 ≤
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{Etk(|Y Ntk+1 − Y N,Rtk+1 |2)− |Etk(Y Ntk+1 − Y N,Rtk+1 )|2}.
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k=0
|ZNtk − ZN,Rtk |2
≤C
N−1∑
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E|Y Ntk+1 − Y N,Rtk+1 |2 − E(|Etk(Y Ntk+1 − Y N,Rtk+1 )|2)
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max
0≤k≤N
E
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M
M∑
m=1
|yN,R,Mk (PN,mtk )− yN,Rk (PN,mtk )|2
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∫
|yN,Rk (x)− yN,R,Mk (x)|2µk(dx)
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|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2,
hE
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k=0
q∑
l=1
∫
|zN,Rl,k (·)− zN,R,Ml,k (·)|2µk(dx).
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β = 2
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AMk = {∀ψ ∈ [P0,k+1]y − yN,Rk+1 (·) : ‖ψ‖k+1,M˜ − ‖ψ‖k+1,M ≤ h
β+1
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T1,k,M = ‖yN,Rk (·)− β
M
0,k.p0,k(·)‖2k,M ,
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T2,k,M = ‖{α1,M0,k − α1,M0,k }.p0,k(·)‖2k,M ,
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T3,k,M = ‖{β2,M0,k − β
2,M
0,k }.p0,k(·)‖2k,M ,
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T4,k,l,M = ‖βMl,k.pl,k(·)− zN,Rl,k (·)‖2k,M ,
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T5,k,l,M = ‖{αMl,k − αMl,k}.pl,k(·)‖2k,M .
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E‖yN,Rk (·)− [αM0,k.p0,k]y(·)‖2k,M ≤ET1,k,M + (1 + Ch)E(T2,k,M )
+ (1 + Ch)E‖yN,Rk+1 (·)− [αM0,k+1.p0,k+1]y(·)‖2k+1,M˜
+
C
h
ET3,k,M + ChE
q∑
l=1
{T4,k,l,M + T5,k,l,M}.
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[yN,Rk ]y = y
N,R
k
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1
M
M∑
m=1
|yN,Rk (PN,mtk )− [αM0,k.pm0,k]y|2 ≤
1
M
M∑
m=1
|yN,Rk (PN,mtk )− αM0,k.pm0,k|2.
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E˜k+1
(
yN,Rk+1 (P˜
N,m
tk+1
) + hfR(tk, X
N,m
tk
, yN,Rk+1 (P˜
N,m
tk+1
), zN,Rl,k (P
N,m
tk
))
)
= yN,Rk (P
N,m
tk
),
β
M
0,k
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0,k = E˜k+1(β
M
0,k)
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inf
α
1
M
M∑
m=1
|yN,Rk (PN,mtk )− α.pm0,k|2.
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1
M
M∑
m=1
|yN,Rk (PN,mtk )− αM0,k.pm0,k|2 =
1
M
M∑
m=1
|yN,Rk (PN,mtk )− β
M
0,k.p
m
0,k|2
+
1
M
M∑
m=1
|{βM0,k − αM0,k}.pm0,k|2
=T1,k,M +
1
M
M∑
m=1
|{βM0,k − αM0,k}.pm0,k|2.
 
 
ª¬«O¥c´  ³3°  @OP¯OP± 
¸
° ­P° ±  O±\µ¨¡³´  «I@°
°  E:!-MN
αM0,k = α
1,M
0,k + α
2,M
0,k
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βM0,k =
β1,M0,k + β
2,M
0,k
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1
M
M∑
m=1
|{βM0,k − αM0,k}.pm0,k|2 ≤
1 + γh
M
M∑
m=1
|(β1,M0,k − α1,M0,k ).pm0,k|2
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+ (1 +
1
γh
)
1
M
M∑
m=1
|(β2,M0,k − α2,M0,k ).pm0,k|2.
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β
1,M
0,k .p
m
0,k
 F˜k+1 ¤ºKLEﬃ ¬­ 	ﬃ $ E˜k+1(α1,M0,k .pm0,k) = E˜k+1(α1,M0,k ).pm0,k = α1,M0,k .pm0,k
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E|{β1,M0,k − α1,M0,k }.pm0,k|2 = E|{α1,M0,k − α1,M0,k }.pm0,k|2 + E|(α1,M0,k − β
1,M
0,k ).p
m
0,k|2.
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1
M
M∑
m=1
|{β1,M0,k − α1,M0,k }.pm0,k|2 =E
1
M
M∑
m=1
|{α1,M0,k − α1,M0,k }.pm0,k|2
+ E
1
M
M∑
m=1
|(α1,M0,k − β
1,M
0,k ).p
m
0,k|2
=E(T2,k,M ) + E
1
M
M∑
m=1
|(α1,M0,k − β
1,M
0,k ).p
m
0,k|2.
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(
(pm0,k)
∗)
1≤m≤M
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1
M
M∑
m=1
|(α1,M0,k − β
1,M
0,k ).p
m
0,k|2 ≤
1
M
M∑
m=1
|E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y}|2.
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(a+ b)2 ≤ 2(a2 + b2) G
1
M
M∑
m=1
|(β2,M0,k − α2,M0,k ).pm0,k|2 ≤
2
M
M∑
m=1
|(β2,M0,k − β2,M0,k ).pm0,k|2
+
2
M
M∑
m=1
|(β2,M0,k − α2,M0,k ).pm0,k|2
=2T3,k,M +
2
M
M∑
m=1
|(β2,M0,k − α2,M0,k ).pm0,k|2.
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(pm0,k)
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1≤m≤M
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1
M
M∑
m=1
|(β2,M0,k − α2,M0,k ).pm0,k|2 ≤
Ch2
M
M∑
m=1
|yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
+
Ch2
M
q∑
l=1
M∑
m=1
|zN,Rl,k (PN,mtk )− [αMl,k.pml,k]z|2.
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1
M
M∑
m=1
|yN,Rk (PN,mtk )− yN,R,Mk (PN,mtk )|2
≤(1 + γh) 1
M
E
M∑
m=1
|E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y}|2 + ET1,k,M + (1 + γh)E(T2,k,M )
+ 2(1 +
1
γh
)ET3,k,M + C(h
2 +
h
γ
)E
1
M
M∑
m=1
|yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
+ C(h2 +
h
γ
)E
1
M
q∑
l=1
M∑
m=1
|zN,Rl,k (PN,mtk )− [αMl,k.pml,k]z|2.
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1
M
q∑
l=1
M∑
m=1
|zN,Rl,k (PN,mtk )− [αMl,k.pml,k]z|2.
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E
1
M
q∑
l=1
M∑
m=1
|zN,Rl,k (PN,mtk )− αMl,k.pml,k|2
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(a+ b+ c)2 ≤ 3(a2 + b2 + c2) Qﬁ ﬃ Vﬁ N¡G
1
M
M∑
m=1
|zN,Rl,k (PN,mtk )− αMl,k.pml,k|2 ≤
3
M
M∑
m=1
|zN,Rl,k (PN,mtk )− β
M
l,k.p
m
l,k|2
+
3
M
M∑
m=1
|(αMl,k − αMl,k).pml,k|2
+
3
M
M∑
m=1
|(βMl,k − αMl,k).pml,k|2
=3T4,k,l,M + 3T5,k,l,M +
3
M
M∑
m=1
|(βMl,k − αMl,k).pml,k|2.
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(
(pml,k)
∗)
1≤m≤M
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h
M
M∑
m=1
|(βMl,k − αMl,k).pml,k|2 ≤
1
M
M∑
m=1
|E˜k+1{(yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y)
∆W˜ml,k√
h
}|2
≤ 1
M
M∑
m=1
E˜k+1|yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
− 1
M
M∑
m=1
|E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y}|2
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E
1
M
M∑
m=1
|yN,Rk (PN,mtk )− yN,R,Mk (PN,mtk )|2
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ET1,k,M + (1 + γh)E(T2,k,M ) + (1 + γh)
1
M
E
M∑
m=1
|E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y}|2
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+2(1 +
1
γh
)ET3,k,M + C(h
2 +
h
γ
)E
1
M
M∑
m=1
|yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
+C(h2 +
h
γ
)E
q∑
l=1
{T4,k,l,M + T5,k,l,M}
+C(h+
1
γ
)E
1
M
M∑
m=1
|yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
−C(h+ 1
γ
)E
1
M
M∑
m=1
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q∑
l=1
{T4,k,l,M + T5,k,l,M}.
©
E		ﬃﬂﬁ D£EJﬁ '!=ﬃﬂK6K6!
µ¡ Eﬃﬂﬃ 	K63Eﬃﬂ!DDﬃﬂ
¤
    
         	       

 
±YK6´´   ﬀ^Eﬁ 3ﬁ Nﬁﬂ%DEﬁﬂ=KH!K63! PMV)PEﬃ ﬃﬂ(!
	NKLE¬ﬃﬀaD·ﬁ /!
M,h
·3!=KH¡!
ﬀaDﬁ !¡QEJ
 
M
´´ QO±\µ¨¡³´  «I@° I®¨"­P´  ´¦° ¥d¨"©³u±¶°
¸
°7­
¸
³
	  =     ;ﬂ)2 #ﬁﬂﬃ
Y-'
T1,k,M
07SﬀegegS@A A

  +#ﬀ ﬀ#,

$   
Kl,k(ω)
 # &-$  , ﬂ +-$'&   , + + 
 ﬂ "!  ﬂ  &-ﬂ #

$ 

$
 ,
,  &-$  

$

(pl,k(P
N,m
tk
)∗)1≤m≤M ﬂ
ET1,k,M ≤ CCy(R)
2 + ‖fR‖2∞
M
E(K0,k(ω)) + inf
α
E|α.p0,k(PNtk )− yN,Rk (PNtk )|2.
,'SVegUh  ¶S%ACA



+-$ ,  #$

$ !   , !#   

$

  +  ﬂ 

$ ﬀ ﬂ  ﬀﬃ, +'!#ﬂ
E(K0,k(ω))
ﬀ +-ﬂ
K0,k

"+-$
 

$ $   
K0,k(ω) ≤ K0,k ﬂ   ﬀ #$  +-$
  !  $ #ﬂ  #ﬂ E(K0,k(ω)) + '$ %$
 #ﬂ 

!#ﬂ !# +-, !)+-ﬂ  +-$   #$   !)+ 
 K0,k(ω) ¿ K0,k ﬂ   $#  #ﬂ  $ ﬀ +-ﬂ  	  ﬀ , , + *+   !  $
 
  
  %$-"!)+ 
 ﬂ "!   

ﬀ#ﬂ*!    +-ﬂ
 
δ 
 $

  + 

$    ﬁ  

   +-$ , + *!
 

$ 
ﬂ
 
, +ﬀ +-ﬂ
  


   $

   *!#ﬂ %ﬂ

$ !

 ﬀﬃ,
 #$
  +-$ , +ﬀ +-ﬂ
  $ #ﬂ#  
ﬂ
  ﬀ ﬀ



$  
$

  +

$ !

#
δ

 ﬂ  ﬀ
 


& #$ #ﬂ +-$
 +-%$# '$ &-ﬂ)+-$ $

  ﬂ   

ﬀ#ﬂ !  
 

$ ! '$
$

  ﬂ 
K0,k

 ﬂ  #,  
ﬂ 
,

ﬂ , 
 #ﬂ
K0,k(ω)
$

  %$-      ﬁ  $ %$
"+-$
 

$ $ 
tk 
  ,
,$

  ﬂ    

ﬀ#ﬂ ! !

$
 #$ﬃ+-$
   # ', + 
 

$
PN,mtk
 +!

 ﬀ
 #ﬂ  +-$ , + 

ﬂ $    #ﬂ ﬂ  ﬂ
ﬂ
 
$ 




, 

ﬀ#ﬂ !  $  !

$
 #$ﬃ+-$
 ﬀ +   # ', + 
 

$ 

$
 

$ $ #ﬂ  !

,

$ $  $',%,
 +-$ , +  + 
 ﬂ "!   ﬂ "&-ﬂ#

$ 
$  !

 ﬀ
 #ﬂ

$
	ﬀ +   +-$ ,


  + 
 

$   ﬂ +-$'&
K0,k(ω)
 
!
 
   + 
 ﬂ#"!
ﬂ
ﬁﬀg°c=ﬁ ﬃﬂﬁ EN
E˜k+1(β
M
0,k) = β
M
0,k
ﬁﬂﬃTﬀﬁ 
ET1,k,M =E
1
M
M∑
m=1
|yN,Rk (PN,mtk )− β
M
0,k.p
m
0,k|2
=E
1
M
M∑
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√
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√
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√
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√
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max
0≤k≤N
E
∫
|yN,Rk (x)− yN,R,Mk (x)|2µk(dx)
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max
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k=0
E
(
N2
(hβ+12
3
√
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g(zi) < −Cy(R) !D [g]y(zi) = −Cy(R) QOPﬁﬂﬁ# ti ≤ −Cy(R) ·ﬁﬂﬃvE6	QE3	ﬁﬂﬃﬂ
! £EJﬃﬂﬁﬂ\ﬃ ¦¤ KHﬃ  {(zi, ti)} J°cHT$JDDﬁﬀDﬁ EJﬁ  ! ﬀﬁ  HﬃﬂKLN g′ !
P0,k ﬃMN [g′]y(zi) < ti ≤ −Cy(R) DMNﬁcﬁﬂK6	ﬁﬂﬃﬂ Oﬁﬂﬁﬀ	 i /∈ I g(zi) ≥ [g]y(zi) 
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Lﬃ K6Nd! P0,k ﬃ<MN g(zi) < ti 	 i ∈ I  g(zi) ≥ ti 	 i /∈ I 
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V([P0,k]y)+ ≤ V(P0,k)+
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P+0,k =
{{(z, t) ∈ Rd′ × R : t ≤ g(z)} : g ∈ P0,k}
⊂{{(z, t) ∈ Rd′ × R : α.t+ g(z) ≥ 0} : g ∈ P0,k, α ∈ R}.
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ﬃﬂﬁﬂMN"Eﬃﬂﬃ KL"O  E:	DDﬃﬂ¡MN
V(P0,k)+ ≤ K0,k + 1.
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)G
N2(
√
u
24
, [P0,k]y + Cy(R), PN,1:2Mtk ) ≤ 3
(
1728e(2Cy(R))
2
u
)2(K0,k+1)
.
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P(T1 > u) ≤9
(1728e(2Cy(R))2
u
)2(K0,k+1) exp (− Mu
576(2Cy(R))2
)
≤9(12eM)2(K0,k+1) exp (− Mu
2304Cy(R)2
)
	
u > 576Cy(R)
2
M
ﬀ¨}	 Eﬃﬂ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E(T1)

°c@ ·G
E(T1) =
∫ ∞
0
P(T1 > u)du
≤v +
∫ ∞
v
P(T1 > u)du
≤v + 9(12eM)2(K0,k+1)
∫ ∞
v
exp
(− Mu
2304Cy(R)2
)
du
=v + 9(12eM)2(K0,k+1).
2304Cy(R)
2
M
exp
(− Mv
2304Cy(R)2
)
=φ(v)
	
v > 576Cy(R)
2
M
Q±Y¡KLﬁ ﬁ K)K !ﬃﬂE ﬀaDﬁ 
φ
PEﬁﬂ	
v =
2304Cy(R)
2
M
log{9(12eM)2(K0,k+1)}.
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E(T1) ≤ CCy(R)
2K0,k
M
log(M).
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zN,R
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L
hE
N−1∑
k=0
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
≤Chβ−1 + CCy(R)
2 + ‖fR‖2∞
M
N−1∑
k=0
max
0≤l≤q
E(Kl,k(ω)) + C
N−1∑
k=0
inf
α
E
(|yN,Rk (PNtk )− α.p0,k(PNtk )|2)
+ C
N−1∑
k=0
q∑
l=1
inf
α
E
(|α.pl,k(PNtk )−√hzN,Rl,k (PNtk )|2)
+
C
h
Cy(R)
2e
− Mhβ+1
144Cy(R)2
N−1∑
k=0
E
(
N2
(hβ+12
3
√
2
, [P0,k+1]y − yN,Rk+1 , (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
))
.
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zN,R
hE
N−1∑
k=0
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
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"MV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
yN,R
max
0≤k≤N
E
1
M
M∑
m=1
|yN,R,Mk (PN,mtk )− yN,Rk (PN,mtk )|2,
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hE
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
≤ChE
q∑
l=1
{T4,k,l,M + T5,k,l,M}
+ CE
1
M
M∑
m=1
{|yN,Rk+1 (P˜N,mtk+1 )− yN,R,Mk+1 (P˜N,mtk+1 )|2 − |E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− yN,R,Mk+1 (P˜N,mtk+1 )}|2}
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k
	KL·3! Dﬁ 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hE
N−1∑
k=0
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
≤ChE
N−1∑
k=0
q∑
l=1
{T4,k,l,M + T5,k,l,M}
+ C
N−1∑
k=0
E
1
M
M∑
m=1
{|yN,Rk+1 (P˜N,mtk+1 )− yN,R,Mk+1 (P˜N,mtk+1 )|2 − |E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− yN,R,Mk+1 (P˜N,mtk+1 )}|2}.
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hE
N−1∑
k=0
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
≤ChE
N−1∑
k=0
q∑
l=1
{T4,k,l,M + T5,k,l,M}
+ C
N−1∑
k=0
E
1
M
M∑
m=1
{|yN,Rk (P˜N,mtk )− yN,R,Mk (P˜N,mtk )|2 − |E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− yN,R,Mk+1 (P˜N,mtk+1 )}|2}.
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E
1
M
M∑
m=1
{|yN,Rk (PN,mtk )− yN,R,Mk (PN,mtk )|2 − |E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− yN,R,Mk+1 (P˜N,mtk+1 )}|2}.
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(AMk )k
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k ≥ 1 G
E
1
M
M∑
m=1
|yN,Rk (P˜N,mtk )− yN,R,Mk (P˜N,mtk )|2
=E‖yN,Rk − yN,R,Mk ‖2k,M˜
≤(1 + h−1)E
(
‖yN,Rk − yN,R,Mk ‖k,M˜ − ‖yN,Rk − yN,R,Mk ‖k,M
)2
+
+ (1 + h)E‖yN,Rk − yN,R,Mk ‖2k,M
≤Chβ + C
h
Cy(R)
2P([AMk−1]
c) + (1 + h)E‖yN,Rk − yN,R,Mk ‖2k,M .
	a´´  )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γ > 0
G
hE
N−1∑
k=0
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
≤ChE
N−1∑
k=0
q∑
l=1
{T4,k,l,M + T5,k,l,M}+ Chβ−1 + C
h
Cy(R)
2
N−1∑
k=0
P([AMk ]
c)
+ C max
0≤k≤N
E‖yN,Rk − yN,R,Mk ‖2k,M + C(1 + γh)
N−1∑
k=0
E(T2,k,M )
+ Cγh
N−1∑
k=0
1
M
E
M∑
m=1
|E˜k+1{yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y}|2 + C
N−1∑
k=0
ET1,k,M
+ C(1 +
1
γh
)
N−1∑
k=0
ET3,k,M + C(h
2 +
h
γ
)E
N−1∑
k=0
1
M
M∑
m=1
|yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
+ C(h2 +
h
γ
)E
N−1∑
k=0
1
M
q∑
l=1
M∑
m=1
|zN,Rl,k (PN,mtk )− [αMl,k.pml,k]z|2.
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γ = 2C
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h
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E 1
M
∑M
m=1 |yN,Rk+1 (P˜N,mtk+1 )− [αM0,k+1.p˜m0,k+1]y|2
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E 1
M
∑M
m=1 |yN,Rk+1 (PN,mtk+1 )− [αM0,k+1.pm0,k+1]y|2
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O
hE
N−1∑
k=0
q∑
l=1
∫
|zN,Rl,k (·)− zN,R,Ml,k (·)|2µk(dx)
≤Chβ−1 + CCy(R)
2 + ‖fR‖2∞
M
N−1∑
k=0
max
0≤l≤q
E(Kl,k(ω)) + C
N−1∑
k=0
inf
α
E
(|yN,Rk (PNtk )− α.p0,k(PNtk )|2)
+ C
N−1∑
k=0
q∑
l=1
{inf
α
E
(|α.pl,k(PNtk )−√hzN,Rl,k (PNtk )|2)+ Cy(R)2Kl,kM log(M)}
+
C
h
Cy(R)
2e
− Mhβ+1
144Cy(R)2
N−1∑
k=0
E
(
N2
(hβ+12
3
√
2
, [P0,k+1]y − yN,Rk+1 , (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
))
.
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(
h
β+1
2
3
√
2
, [P0,k+1]y − yN,Rk+1 (·), (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
)
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(hβ+12
3
√
2
, [P0,k+1]y − yN,Rk+1 (·), (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
)
≤3
(
216Cy(R)
2
hβ+1
)2(K0,k+1+1)
≤C exp(CK0,k+1 log Cy(R)
hβ+1
).
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max
0≤k≤N
E
1
M
M∑
m=1
|yN,Rk (PN,mtk )− yN,R,Mk (PN,mtk )|2
+ hE
N−1∑
k=0
1
M
M∑
m=1
q∑
l=1
|zN,Rl,k (PN,mtk )− zN,R,Ml,k (PN,mtk )|2
≤CCy(R)
2 + ‖fR‖2∞
M
N−1∑
k=0
max
0≤l≤q
E(Kl,k(ω)) + C
N−1∑
k=0
inf
α
E|α.p0,k(PNtk )− yN,Rk (PNtk )|2
+ C
N−1∑
k=0
q∑
l=1
inf
α
E|α.pl,k(PNtk )−
√
hzN,Rl,k (P
N
tk
)|2 + Chβ−1
+
C
h2
Cy(R)
2 exp
(
Cmax
k
K0,k log(
Cy(R)
hβ+1
)− Mh
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k ≤ N − 2 
E
h
M
M∑
m=1
|αMl,k.pml,k − zN,Rl,k (PN,mtk )|2
≤CCy(R)
2
M
E(Kl,k(ω)) + inf
α
E|
√
hzN,Rl,k (P
N
tk
)− α.pl,k(PNtk )|2 + Chβ
+ CE
1
M
M∑
m=1
|[αM0,k+1.p˜m0,k+1]y − yN,Rk+1 (P˜N,mtk+1 )|2
− CE 1
M
M∑
m=1
|E˜{[αM0,k+1.p˜m0,k+1]y − yN,Rk+1 (P˜N,mtk+1 )}|2
+ CE
(
N2
( hβ2√
18Cw(R)2Kl,k(ω)
, [P0,k+1]y, (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
)
e
− Mhβ
36Kl,k(ω)Cy(R)
2Cw(R)2
)
 P˜N,mtk+1 = Tk(P
N,m
tk
,∆W˜mk,k+1)
+   !
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ﬂ
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ﬂ
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ﬂ
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ﬂ
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zN,Rl,k (P
N,m
tk
) = E˜(yN,Rk+1 (P˜
N,m
tk+1
)
∆W˜ml,k
h
)

(∆W˜ml,k)1≤m≤M
  D	ﬁﬂ ﬁﬂ!	!QE !
(∆Wml,k)1≤m≤M
· 
E˜(·) = E( · |(∆Wmk,k+1)1≤m≤M,0≤k≤N−1) ¬OPﬁﬂﬁ# ﬁﬂNV!ﬁﬂEJN'ﬃﬂ%D· βMl,k ﬃﬂﬀﬁﬂ
!
inf
α
1
M
M∑
m=1
|yN,Rk+1 (P˜N,mtk+1 )
∆W˜ml,k
h
− α.pml,k|2
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1
M
M∑
m=1
|αMl,k.pml,k − zN,Rl,k (PN,mtk )|2 =E
1
M
M∑
m=1
|αMl,k.pml,k − E˜(βMl,k).pml,k|2
+ E
1
M
M∑
m=1
|E˜(βMl,k).pml,k − zN,Rl,k (PN,mtk )|2.
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T4,k,l,M
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1
M
M∑
m=1
|αMl,k.pml,k − E˜(βMl,k).pml,k|2 ≤
2
M
M∑
m=1
|α˜Ml,k.pml,k − αMl,k.pml,k|2
+
2
M
M∑
m=1
|α˜Ml,k.pml,k − E˜(βMl,k).pml,k|2

α˜Ml,k
ﬃﬂE:ﬃﬂﬀﬁﬂ-!
inf
α
1
M
M∑
m=1
|[αM0,k+1.p˜m0,k+1]y
∆W˜ml,k
h
− α.pml,k|2.
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1
M
M∑
m=1
|α˜Ml,k.pml,k − E˜(βMl,k).pml,k|2
=E
1
M
M∑
m=1
|E˜(α˜Ml,k).pml,k − E˜(βMl,k).pml,k|2 + E
1
M
M∑
m=1
|α˜Ml,k.pml,k − E˜(α˜Ml,k).pml,k|2
≤E 1
M
M∑
m=1
|E˜{([αM0,k+1.p˜m0,k+1]y − yN,Rk+1 (P˜N,mtk+1 ))
∆W˜ml,k
h
}|2
+ E
1
M
M∑
m=1
|α˜Ml,k.pml,k − E˜(α˜Ml,k).pml,k|2
≤h−1E 1
M
M∑
m=1
|[αM0,k+1.p˜m0,k+1]y − yN,Rk+1 (P˜N,mtk+1 )|2
− h−1E 1
M
M∑
m=1
|E˜{[αM0,k+1.p˜m0,k+1]y − yN,Rk+1 (P˜N,mtk+1 )}|2
+ E
1
M
M∑
m=1
|α˜Ml,k.pml,k − E˜(α˜Ml,k).pml,k|2.
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T5,k,l,M
D£E
αM0,k+1
¬ﬁ !	T!QEJN¬!
(∆W˜mk,k+1)m
·¬
E-ﬁﬂ 	 · EﬃﬂﬁﬂP5ﬁﬂ$EJﬃﬂﬁ 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D ¤
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K6 1
M
∑M
m=1 |α˜Ml,k.pml,k − αMl,k.pml,k|2
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PMl,k = Id
QOﬃﬂ
1
M
M∑
m=1
|α˜Ml,k.pml,k − αMl,k.pml,k|2 =(α˜Ml,k − αMl,k).PMl,k (α˜Ml,k − αMl,k)
=‖α˜Ml,k − αMl,k‖2.
¨ 
β
ﬃ¬MN
1 < β ≤ 2 ·5E!	'ﬃFE%J EJﬁﬂ PMk = P(·|(PN,mtk )1≤m≤M )
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PMl,k = Id
@E
PMk
(
‖α˜Ml,k − αMl,k‖2 ≥ hβ−1
)
=PMk
(Kl,k(ω)∑
i=1
∣∣ 1
M
M∑
m=1
pml,k,i{[αM0,k+1.p˜m0,k+1]y
∆W˜ml,k
h
− [αM0,k+1.pm0,k+1]y
∆Wml,k
h
}∣∣2 ≥ hβ−1)
≤
Kl,k(ω)∑
i=1
PMk
(∣∣ 1
M
M∑
m=1
pml,k,i{[αM0,k+1.p˜m0,k+1]y
∆W˜ml,k
h
− [αM0,k+1.pm0,k+1]y
∆Wml,k
h
}∣∣2 ≥ hβ−1
Kl,k(ω)
)
≤
Kl,k(ω)∑
i=1
PMk
(
∃ψ ∈ [P0,k+1]y :
∣∣ 1
M
M∑
m=1
pml,k,i{ψ(P˜N,mtk+1 )
∆W˜ml,k
h
− ψ(PN,mtk+1 )
∆Wml,k
h
}∣∣2 ≥ hβ−1
Kl,k(ω)
)
=
Kl,k(ω)∑
i=1
PMk
(
∃ψ ∈ [P0,k+1]y :
∣∣ 1
M
M∑
m=1
pml,k,iUm{ψ(P˜N,mtk+1 )
∆W˜ml,k
h
− ψ(PN,mtk+1 )
∆Wml,k
h
}∣∣ ≥
√
hβ−1
Kl,k(ω)
)

(Um)
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1
 −1 E£DP	QE 1
2
V´ V!ﬁﬂ Eﬃﬂ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¦¤
 G ! [P0,k+1]y E} }	d ψ ∈ [P0,k+1]y VﬁﬂﬃQﬀﬁﬂ  gj ∈ G VP	QE Cy(R)
ﬃﬂﬃ "MN
1
2M
M∑
m=1
{|ψ(PN,mtk+1 )− gj(PN,mtk+1 )|2 + |ψ(P˜N,mtk+1 )− gj(P˜N,mtk+1 )|2} ≤
hβ
18Cw(R)2Kl,k(ω)
  E		Tﬃﬂﬃ ®MN
Cw(R)
/ﬃ"MN |∆Wml,k| + |∆W˜ml,k| ≤ Cw(R)
√
h
¯-MV ﬃ 
D£EJ!ﬁ QEﬃc! G   N2
(
h
β
2√
18Cw(R)2Kl,k(ω)
, [P0,k+1]y, (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
)
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∣∣ 1
M
M∑
m=1
pml,k,iUm{ψ(P˜N,mtk+1 )
∆W˜ml,k
h
− ψ(PN,mtk+1 )
∆Wml,k
h
}∣∣
≤∣∣ 1
M
M∑
m=1
pml,k,iUm{ψ(P˜N,mtk+1 )
∆W˜ml,k
h
− gj(P˜N,mtk+1 )
∆W˜ml,k
h
}∣∣
+
∣∣ 1
M
M∑
m=1
pml,k,iUm{gj(P˜N,mtk+1 )
∆W˜ml,k
h
− gj(PN,mtk+1 )
∆Wml,k
h
}∣∣
+
∣∣ 1
M
M∑
m=1
pml,k,iUm{gj(PN,mtk+1 )
∆Wml,k
h
− ψ(PN,mtk+1 )
∆Wml,k
h
}∣∣
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∣∣ 1
M
M∑
m=1
pml,k,iUm{ψ(P˜N,mtk+1 )
∆W˜ml,k
h
− gj(P˜N,mtk+1 )
∆W˜ml,k
h
}∣∣2
=
1
M
M∑
m=1
|ψ(P˜N,mtk+1 )− gj(P˜N,mtk+1 )|2|
∆W˜ml,k
h
|2
≤2Cw(R)
2
2hM
M∑
m=1
{ψ(P˜N,mtk+1 )− gj(P˜N,mtk+1 )|2 + |ψ(PN,mtk+1 )− gj(PN,mtk+1 )|2}
≤ h
β−1
9Kl,k(ω)
}ﬁ ﬃﬂﬁ EJNdMN 1
M
∑M
m=1 |pml,k,i|2 = 1
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∣∣ 1
M
∑M
m=1 p
m
l,k,iUm{gj(PN,mtk+1 )
∆Wm
l,k
h
− ψ(PN,mtk+1 )
∆Wm
l,k
h
}∣∣ Q/ﬁ ¡G
PMk
(
∃ψ ∈ [P0,k+1]y :
∣∣ 1
M
M∑
m=1
pml,k,iUm{ψ(P˜N,mtk+1 )
∆W˜ml,k
h
− ψ(PN,mtk+1 )
∆Wml,k
h
}∣∣ ≥
√
hβ−1
Kl,k(ω)
)
≤PMk
(
∃j : ∣∣ 1
M
M∑
m=1
pml,k,iUm{gj(P˜N,mtk+1 )
∆W˜ml,k
h
− gj(PN,mtk+1 )
∆Wml,k
h
}∣∣ ≥ 1
3
√
hβ−1
Kl,k(ω)
)
.
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(∆Wmk,k+1,∆W˜
m
k,k+1)1≤m≤M
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P˜Mk+1
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P˜Mk+1
(
∃j : ∣∣ 1
M
M∑
m=1
pml,k,iUm{gj(P˜N,mtk+1 )
∆W˜ml,k
h
− gj(PN,mtk+1 )
∆Wml,k
h
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 E˜Mk+1(Xm) = 0
· |Xm| ≤
2Cy(R)Cw(R)√
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∫ t
0
b(s,Xs)ds+
q∑
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σj(s,Xs)dW
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q, p > 1  
$ +
sup
t
‖Xt‖q,p + sup
t
‖ξt‖q,p + sup
t,N
‖XNt ‖q,p + sup
k,N
‖ξNtk‖q,p <∞
+  *!
(ξNt )t
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ξNt = 1−
∫ t
0
ξNη(s)θ(η(s), X
N
η(s))dWs.
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1 ≤ i ≤ N G
ξNti = ξ
N
ti−1
(1− θ(ti−1, XNti−1)∆Wi−1).
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E|ξNti |2p =E
(
|ξNti−1 |2pEti−1{
2p∑
k=0
Ck2p(−1)2p−kθ(ti−1, XNti−1)k∆W ki−1}
)
=E
(
|ξNti−1 |2pEti−1{
p∑
k=0
C2k2p (−1)2(p−k)θ(ti−1, XNti−1)2k∆W 2ki−1}
)
≤(1 + Cph)E(|ξNti−1|2p)
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i ≥ k + 1 G
Duξ
N
ti
= Duξ
N
ti−1
−Du[ξNti−1θ(ti−1, XNti−1)]∆Wi−1.
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i ≥ k + 1 G
Duξ
N
ti
= Duξ
N
tk
−
i−1∑
j=k
Du[ξ
N
tj
θ(tj, X
N
tj
)]∆Wj.
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E|DuξNti |p ≤CpE|DuξNtk |p + CpE
∣∣ i−1∑
j=k
Du[ξ
N
tj
θ(tj, X
N
tj
)]∆Wj
∣∣p
≤CpE|DuξNtk |p + CpE
∣∣h i−1∑
j=k
|Du[ξNtj θ(tj, XNtj )]|2
∣∣ p2
≤CpE|DuξNtk |p + CphE
i−1∑
j=k
|Du[ξNtj θ(tj, XNtj )]|p
≤Cp(1 + E|DuξNtk |p) + Cph
i−1∑
j=k+1
E|DuξNtj |p
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max
k≤i≤N
E|DuξNti |p ≤ Cp(1 + E|DuξNtk |p).
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Duξ
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tk
= −ξNtk−1θ(tk−1, XNtk−1)
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max
k≤i≤N
E|DuξNti |p ≤ Cp(1 + E|ξNtk−1|p).
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|||φ|||2 =
√
E|φ(XT )|2 +
√
E|φ(XNT )|2 +
(
E
∫ 1
0
|φ(XN,λT )|2dλ
) 1
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XN,λt = λXt + (1 − λ)XNt
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∣∣E( exp(−rT )φ(XT )ξT )− E( exp(−rT )φ(XNT )ξT )∣∣ ≤ C|||φ|||2h
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(
exp(−rT )φ(XT )ξT
)− E( exp(−rT )φ(XNT )ξT )
=
∫ 1
0
E
(
exp(−rT )ξT∂xφ(XN,λT )(XT −XNT )
)
dλ.
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(
exp(−rT )ξT∂xφ(XN,λT )(XT −XNT )
)
=
1∑
i,j=0
E
(
exp(−rT )ξT∂xφ(XN,λT )cX,0i,j (T )
∫ T
0
cX,1i,j (s)(
∫ s
η(s)
cX,2i,j (u)dW
i
u)dW
j
s
)
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(
exp(−rT )ξT∂xφ(XN,λT )cX,01,1 (T )
∫ T
0
cX,11,1 (s)(
∫ s
η(s)
cX,21,1 (u)dWu)dWs
)
=
∫ T
0
E
(
Ds{exp(−rT )ξT∂xφ(XN,λT )cX,01,1 (T )}cX,11,1 (s)(
∫ s
η(s)
cX,21,1 (u)dWu)
)
ds
=
∫ T
0
∫ s
η(s)
E
(
Du
[
Ds{exp(−rT )ξT∂xφ(XN,λT )cX,01,1 (T )}cX,11,1 (s)
]
cX,21,1 (u)
)
duds.
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(
exp(−rT )ξT∂xφ(XN,λT )cX,01,1 (T )
∫ T
0
cX,11,1 (s)(
∫ s
η(s)
cX,21,1 (u)dWu)dWs
) ≤ C‖φ(XN,λT )‖2h.
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ξNt = 1−
∫ t
0
ξNη(s)θ(η(s), X
N
η(s))dWs.
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ξt − ξNt =
∫ t
0
ξNη(s)θ(η(s), X
N
η(s))dWs −
∫ t
0
ξsθ(s,Xs)dWs
=−
∫ t
0
(ξs − ξNs )θ(s,Xs)dWs +
∫ t
0
[ξNη(s)θ(η(s), X
N
η(s))− ξNs θ(s,Xs)]dWs
=E(α)t
∫ t
0
E(α)−1s ²Ns [dWs + θ(s,Xs)ds]
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αt = −
∫ t
0
θ(s,Xs)dWs
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N
η(s)θ(η(s), X
N
η(s))− ξNs θ(s,Xs)
=ξNη(s)θ(η(s), X
N
η(s))− ξNη(s)
[
1− θ(η(s), XNη(s))(Ws −Wη(s))
]
θ(s,Xs)
=ξNη(s)[θ(η(s), X
N
η(s))− θ(s,Xs)] + ξNη(s)θ(η(s), XNη(s))θ(s,Xs)(Ws −Wη(s))
=ξNη(s)[θ(η(s), X
N
η(s))− θ(η(s), Xη(s))] + ξNη(s)[θ(η(s), Xη(s))− θ(s,Xs)]+
ξNη(s)θ(η(s), X
N
η(s))θ(s,Xs)(Ws −Wη(s)).
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g(t,Xt) = ψ(t, exp(Xt)) =g(0, X0) +
∫ t
0
Usds+
∫ t
0
VsdWs + At
g(t,XNt ) = ψ(t, exp(X
N
t )) =g(0, X
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0 ) +
∫ t
0
UNs ds+
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V Ns dWs + A
N
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tk ≤ t < tk+1
Ut =∂tψ(t, exp(Xt)) + ∂xψ
−(t, exp(Xt)) exp(Xt){b(t,Xt) + 1
2
σ2(t,Xt)},
UNt =∂tψ(t, exp(X
N
t )) + ∂xψ
−(t, exp(XNt )) exp(X
N
t ){b(tk, XNtk ) +
1
2
σ2(tk, X
N
tk
)},
Vt =∂xψ
−(t, exp(Xt)) exp(Xt)σ(t,Xt),
V Nt =∂xψ
−(t, exp(XNt )) exp(X
N
t )σ(tk, X
N
tk
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√
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]tk, tk+1[
−d∆Yt = [f(t,XNt , Y N,0t , ZN,0t )− f(t,XNt , Y˜ N,1t , ZN,1t )]dt− (ZN,0t − ZN,1t )dWt + dKN,0t .
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− 2∆YtdKN,0t + |∆Zt|2dt.
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Λt|∆Yt|2 +
∫ tk+1
t
Λs|∆Zs|2ds
=Λtk+1 |∆Ytk+1 |2 + 2
∫ tk+1
t
Λs∆Ys[f(s,X
N
s , Y
N,0
s , Z
N,0
s )− f(s,XNs , Y˜ N,1s , ZN,1s )]ds
− 2
∫ tk+1
t
Λs∆Ys∆ZsdWs + 2
∫ tk+1
t
Λs∆YsdK
N,0
s − C
∫ tk+1
t
Λs|∆Ys|2ds
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Λt|∆Yt|2 + 1
2
∫ tk+1
t
Λs|∆Zs|2ds
≤Λtk+1 |∆Ytk+1 |2 − 2
∫ tk+1
t
Λs∆Ys∆ZsdWs + 2
∫ tk+1
t
Λs∆YsdK
N,0
s .
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∆YsdK
N,0
s =[g(s,X
N
s )− Y˜ N,1s ]dKN,0s
=[g(s,XNs )− Es{Y N,1tk+1 +
∫ tk+1
s
f(r,XNr , Y˜
N,1
r , Z
N,1
r )dr}]dKN,0s
≤Es[g(s,XNs )− g(tk+1, XNtk+1)−
∫ tk+1
s
f(r,XNr , Y˜
N,1
r , Z
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r )dr]dK
N,0
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∫ tk
t
Λr∆YrdK
N,0
r
≤CE
∫ tk
t
Λr{|r − tk|+ |XNr −XNtk |+
∫ tk
r
|f(s,XNs , Y˜ N,1s , ZN,1s )|ds}kN,0r dr
≤Ch 32 .
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2
∫ tk+1
t
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3
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0≤k≤N
E(|Y Ntk − Ytk |2) +
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E
∫ tk+1
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|Zt − ZNtk |2dt ≤ C
√
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|Zt − zN,R,Mk (XNtk )|2dt
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){|Y Ntk |2 + Cy(R)2}
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+ CE(|g(tN , XNtN )− gR(tN , XNtN )|2)
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144Cy(R)2
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N2
(hβ+12
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, [P0,k+1]y − yN,Rk+1 (·), (PN,mtk+1 )1≤m≤M , (P˜N,mtk+1 )1≤m≤M
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Yt = Φ(X) +
∫ T
t
f(s,Xs, Ys, Zs)ds−
∫ T
t
ZsdWs
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∫ t
0
bi(s,Xs)ds+
∫ t
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σi(s,Xs)dWs, 1 ≤ i ≤ d.
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PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
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Q
txj<o3q6w)j5vp?w o\j5w oJj ~9j5l pf~+*UsUwGn qk\j<l l)jMu<sU8xsUwGq)j<tq j5l)l)j5tq)n9j5~9~9j5j5tq y\jM~9p 87<8jZ= p)5sUtv,
u<j5u<nFx\w<l  oJjM~ .Ep?~9*UsfwGn qkJ8jpIHUj5uMn qk5wkp?q)n9sUtJl y\j ﬀcn+u|pfwGy qkj5t\y,>y\sUt\tJj<wco\tJjBx\~9o\l xjqkn+q)j0H?pfwGn_pftJu<j
o\jﬃ~ .Ep?~9*Usfw)n qkJ8jj 23x\~9n+u<n qkjf4
Q
t xj5oJq xj<t\lGj<w o\jﬃ~9pu|pfo\lGjﬃj<lWq ~_pn+t\n+8n lkp?q)n+sft lGn9 o\~+qkpftJ<j
j<t
(Y, Z)
~9pzxFpfwWqkn9jj5t
Z∆W
xj5oJq ﬃGsUo\j5w(~+j8wU~9jy\j H?pfw)n9p  ~+jy\j8u<sUtqkw f~9jf4
Q
t xj5oJq-j5tMLFt
w)j5vp?w o\j<w o\j~+j  n_p?n9l j<tqkw)j	~9jzx\wGn 2 y\sft\t\x\pfw8~ .Epf~+*Usfw)n qkJ8jﬃj5q~+jzx\w)n 2 yJjwG5=Ł5w)j<tJu<j j5lGq
~95* 5w)j<8j<tqBx\~9o\l= pfn  ~9jyFpft\lB~9j>u<pflBy\j ~/.Ipf~9*fsUwGn q)\8jmj 23x\~9n+u<n+q)jf4
& sfo\l p?~9~9sft\l(, x\w)5l)j5tq j<l)l)p1@Uj5w y\jv= pfn+w)j H?pfw)n+j<w(l)n+ o\~+qkpft\58j<tq(~+j<l-x\pfwkpf 5q)w)j5l-yFpft\l-~/.Ipf~9*fs?T
w)n qk\8j p HUj<un qk<w)p?qkn+sUt\lcy\jﬀ n+u|pfwGy#; xsUoJw HUsfn9w l)n~9j<l wG<lGo\~+qkp?qkl l)sftq6n9y\j5tqkn(o\j<l6,(u<j5o32{s  l)j5w HU5l
xsUo\wZ~/.Ipf~9*fsUwGn q)\8jmj 23x\~9n+u<n qkjf4
  αδ = 0.6
jq
αM
H?p?w)n+jf4
j
Prix
105 15
2
3
4
5
6
7
1      
1.5    
2      
2.5    
Prix BS
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
j
Std 
Prix
105 15
10
20
5
15
25 1  
1.5
2  
2.5
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
j
Cou
vert
ure
105 15
-0.1
0.1
0.2
0.3
0.4
0.5
0.6
1            
1.5          
2            
2.5          
Couverture BS
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
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Q
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j
Std 
Cou
vert
ure
105 15
1
0.5
1  
1.5
2  
2.5
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
  αδ = 1
j
Prix
105
1
2
3
4
5
6
7
8
9
1      
1.5    
2      
2.5    
3      
3.5    
Prix BS
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
j
Std 
Prix
105
10
20
5
15
1  
1.5
2  
2.5
3  
3.5
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
j
Cou
vert
ure
105
0.1
0.2
0.3
0.4
0.5
0.6
1            
1.5          
2            
2.5          
3            
3.5          
Couverture BSP0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
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 acdB'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j
Std 
Cou
vert
ure
105
1
2
0.5
1.5
1  
1.5
2  
2.5
3  
3.5
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
  αδ = 1.5
j
Prix
105
1
2
3
4
5
6
7
2      
2.5    
3      
3.5    
Prix BS
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
j
Std 
Prix
105
10
20
5
15
2  
2.5
3  
3.5
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
j
Cou
vert
ure
105
0.1
0.2
0.3
0.4
0.5
0.6
2            
2.5          
3            
3.5          
Couverture BS
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
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j
Std 
Cou
vert
ure
105
1
0.5
2  
2.5
3  
3.5
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1
t 1 P˜N
,1
t 1 PN
,2
t 1 P˜N
,2
t 1 PN
,3
t 1 P˜N
,3
t 1
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& sfo\l>pIHUsft\lmy\ ﬃ),qkj5lGqk ~_pKHrpfw)n9p?qkn+sUtl)n+ o\~+qkpft\5j(y\j<lmxFpfw)pf qkwGj<l
N
;
δ
; jq
M
yFpft\lm~+j-u|p?lmy\j
~_p  p?l)j3. $ xsUo\wBo\t\j(acb>VJd w) F<uC\n+jf4& sUoJl pf~9~+sUt\lyFpft\lMu5j(uCFpfxJn+qkwGj>qkw)pfn+q)j<wZx\~+o\lMj5ty\5qkpfn9~
~_pH?p?~9sUwGn9lkprqkn+sft jq-u<sUo HUj<wWqko\w)jvy#.LsUx3qkn9sft\l(pf8<w)n+u|pfn+t\j5l<4
Q
oJqkwGj~/.Ipf~+*Usfw)n qk\jx\wG<l)j5tq){yFp?t\l(~_p
xFpfwWqkn+j 'G'G'C;ruCFpfx\n qkwGj6D3;PsU}(~/.LsUt x\w)j5t\y ,Mu Fp/o\j6n9tJlGqCp?tq yJj y\n9lGu<wG5qkn+lkp?q)n9sUt
tk
;P~+j pr23n9 o\ j5tq)w)j
~/.Ls
 
lWqCpfu5~9j6jq ~_pl)sf~9oJq)n9sUt-y\o x\w)s
 
~5j6y\jsfn9t\yJw)j<l u<pfw)wG<l<;fsUt xj<oJq n9pf*Un t\j<w 5*pf~9j58j<tq yJj<o32
pfoJq)w)j5lMqk\s yJj<lMxsfo\wMpfx\x\wGs u Jj<wM~9p l)sU~+oJqkn+sUtﬃy#.IoJt\j(a bmVJd 4 & sUo\lMpf~9~+sUt\lZ,x\wG<lGj<tq y\5qkpfn9~+~+j<w
u<j5lMy\j<o 2pfoJq)w)j5lM85q)\s y\j<lﬁ
	 W
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 tJj 85q)\s y\j yJj xJw)j<o HUj(y\j ~ .Ij 2Jn+lGq)j<t\u5j jqMy\j ~/.Lo\t\n9u5n+q)>,~ .Eacb>V3d wG F5u \n+j
Yt = g(T,XT ) +
∫ T
t
f(s,Xs, Ys, Zs)ds+KT −Kt −
∫ T
t
ZsdWs,
Yt ≥ g(t,Xt),
∫ T
0
(Yt − g(t,Xt))dKt = 0
X
'  4
h
4 iP^
u<sft\l)n+lGqkj , y\!LFtJn9wBoJt\j lGo\n+q)j y#.Iacb>VJd tJsUt	w) F<uC\n+j<l
Y nt = g(T,XT ) +
∫ T
t
f(s,Xs, Y
n
s , Z
n
s )ds+ n
∫ T
t
(Y ns − g(s,Xs))−ds−
∫ T
t
Zns dWs
X
'  4
h
4EDU^
y\j l)sU~+oJqkn+sUt
(Y n, Zn)
4
Q
ty\!LFtJn+q>pf~9sUwGl
Knt = n
∫ t
0
(Y ns − g(s,Xs))−ds
;:jq>sUt8sUtq)w)j
X
HUsUn9w
Y
aﬁﬁﬀ + U[r]_^o\j~9sUwGl o\j n
qkj<tJy4HUj5w)l~/.Ln9t LFt\n/;
(Y n, Zn, Kn)
qkj<tJy4HUj5w)l
(Y, Z,K)
l)sU~+oJqkn+sUty\j
X
' -4
h
4+iP^ 4
` .In+y\<jj<lWqﬃpf~9sUwGl8xsUo\w
n
LJ23f; y#.Ipfx\x\wGs u \j5w{~9p l)sU~+oJqkn+sUt y\j ~ .IoFp?qkn+sUt
X
'  4
h
4EDU^8, ~ .Ep?n9y\jzy\j
~/.Ipf~+*Usfw)n qk\8jzj 2Jxsfl) yFpftJlv~_p xFp?wGqkn+j	')'C4 a tj j5q|;
X
'  4
h
4EDU^j<lWq{o\t\j acb>VJd pIHUj5u o\tﬀy\w)n HUj<w
`n9x\lGuC\n+qYXf4 dBj<pfw oJsUt\l o\jH3oﬀ~9j<l8w)<lGo\~+qkp?qkly\j
Y
a ﬁﬁﬀ + [P] ; Yn ↗ Y jq  oJj ~ .Isft x j5oJq
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 acdB'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l<.Ip?qGqkj<tJy\w)jp HUj<uu<j5qGqkjqk\s y\j,ﬃq)w)sUo HUj<w y\j5l  sUw)tJj<l n9tJ=Ł5w)n9j5o\w)j5l
X
y\jx\~+o\l j5t x\~9o\l>x\wG<u<n+l)j5l
oFpft\y
n→∞ ^6y\o	x\w)n 2zpf8<wGn9u<pfn+t#4
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 tJj p?oJqkwGj(n9yJ<j u<sUt\lGn9lWqkj-,o3qkn9~+n+l)j5wB~9j5l wG<l)oJ~+qCprqkl yJj
Y
RZe a
g
Dr]/4`j<lpfoJqkj5o\w)l u<sft\l)n+y<wGj<tqm~9j
u|p?lMsf}	~/.Ls  lWqCpfu5~9j
g(t,Xt)
j<lWq o\t\j l)j5n+vp?wGqkn t\*p?~+ju|,fy\~9,f*yJj ~9p =Łsfw)8j
g(t,Xt) = g(0, X0) +
∫ t
0
Usds+
∫ t
0
VsdWs + At
pIHfj<u
U
j5q
V
y\j<l x\wGs u<j<lGl)o\l xJw)!H n+l)n  ~9j<lGHf<w)n L pftq ~9p u<sUtJy\n+q)n9sUt y:.In+tqk5*Uwkp  n9~+n qk
E
∫ T
0
{|Vt|2 + |Ut|2}dt < ∞ jq A o\t xJw)s u<j5l)l)oJlvu|,fy\~9,f*\; pfyFp?xJqk?;cu<wGsUn9lGlkpftq|; j5qKHf<w)n L pftq~9p
u<sft\y\n+q)n9sft y:.In+tq)<*Uw)p  n9~+n qk
E|AT | < ∞ 4 bmpft\l u<jﬃu|p?l<; sUt lkpfn q o\jzuC\j5w)uC\j<wo\t\jﬃl)sf~9oJq)n9sUt ,
X
' -4
h
4+iP^6w)j H n9j<tq ,uC\j5w)uC\j<wMo\tzqkw)n+x\~9jq
(Y, Z, α)
HU<wGnJL pftqM~ .Eacb>V3d 
Yt =g(T,XT ) +
∫ T
t
{f(s,Xs, Ys, Zs) + αs1Ys=g(s,Xs)[f(s,Xs, g(s,Xs), Vs) + Us]−}ds
−
∫ T
t
ZsdWs,
Yt ≥g(t,Xt)
X
'  4
h
4IH^
pIHfj<u
E
∫ T
0
{|Yt|2 + |Zt|2 + |αt|2}dt 4
a t u<sU8xFp?wkpftqp HUj<u
X
'G'G'C4OD 4+iP^ ; sUt u5sUt\lWqCp?q)j  oJj-u5j<~_pw)j!H n+j<tq,8j23x\~+sUn+q)j<wB~9j>= pfn+q o\j-~ .Isftl)pfn+q
y\ ﬃ),J;Jj<tzoJq)n9~+n+lkpftq6~_p-wGj<pfw o\j-4IHJ;o\j>~9jx\w)s u5j<lGl)o\lMu5w)sUn+l)l)pftq
K
y\j>~9p-l)sU~+oJqkn+sUt{yJj>~/.Iacb>VJd
X
' -4
h
4+iP^6l)j5wkpy\j ~_p-=ŁsUw)8j 
dKt = αt1Yt=g(t,Xt)[f(t,Xt, g(t,Xt), Vt) + Ut]
−dt,
pIHfj<u
0 ≤ αt ≤ 1 4r` .In+t\u<sUtJt o\j xsUoJw y\qkj<wGn+t\j<w K y\j H3n+j<tq yJsUt\u ~9j x\wGs u<j5l)l)oJl α 4ﬀ sUo\w 8sUtq)w)j5w
~/.Lj23n+lGqkj5t\u<jjq ~ .IoJt\n9u5n+q) yJj~/.L oFprqkn9sftu5n T y\j<lGl)o\l5; ~+j<l pfo3qkj<oJw)l oJq)n9~9n l)j<tq>o\t\jwG<*UoJ~_pfwGn9lkprqkn+sft y\j
X
' -4
h
4EH^ 4Fa txFp?wGqkn+u<oJ~9n+j<w5;JoJt\j =Łsfn9lu JsUn9lGnoJt	xFpfwkp? qkw)jmy\j w)5*Uo\~9pfw)n+lkp?q)n+sUt
n
;\n9~+ln9tqkw)s y\oJn9l)j5tq
o\t\j l)oJn+qkj>y\j>=ŁsUt\uqkn9sft\l
φn ∈ C∞ qkj5~9~9j5l o\j 0 ≤ φn ≤ 1 j5q
φn(x) =1
l)n |x| ≤ 1
2n
,
φn(x) =0
l)n |x| ≥ 2
2n
.
 xFpfwWqkn9w y\j>u<jq)qkj>lGo\n+q)j>yJjm=ŁsUt\uqkn+sUt\l<;3~9j5lBp?oJqkj5o\w)lZy\ LFt\n+l)l)j5tqMoJt\j>l)o\n qkjmy#.Iacb>VJd xFpfw)pfqkwG<j
xFpfw
n

iZfK
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4
Q
ﬀZ'
Q
&mV%
 cdM'We  ' &a V
Y nt =g(T,XT ) +
∫ T
t
{f(s,Xs, Y ns , Zns ) + φn(Y ns − g(s,Xs))[f(s,Xs, g(s,Xs), Vs) + Us]−}ds
−
∫ T
t
Zns dWs.
X
'  4
h
4LK^
a t u5sU8xFpfwkp?tq p HUj<u
X
'  4
h
4EHU^; sft	HUsUn+q  oJj(u<j<~9p8wGj!H n9j5tq,8wG<*UoJ~_pfwGn9lGj<wB~+j>qkj5w)8j
αs1Ys=g(s,Xs)
4
`j<lcpfoJqkj5o\w)l sftqkwGj<tq p?~9sUwGl o\jB~_pl)sU~+oJqkn+sUt y\jZu<jq)qkjMacb>V3du5sUt-HUj5w)*UjB~+sUw)l oJj
n→∞ HUj5w)lc~_p
l)sf~9oJq)n9sUt{y\j
X
' -4
h
4EH^ 4Fa t	sUoJqkwGjf;\sUt	p
Yn ↘ Y 4F`c.Iacb>VJd wG<*Uo\~9pfwGn9l)5j
X
'  4
h
4LK^6j<lWq oJt\j acb>VJd
,-y\wGnJHUj5w`n9x\lGu Jn+q>X?4
Q
t{xj<o3qZy\sUtJum~ .EpfxJx\w)s uC\j<w6,-~/.Ipfn+y\jMy\jm~ .Ep?~9*Usfw)n qkJ8jMy\<u5w)n qyFpftJl~_p xFpfwGq)n9j
'G'6j5qMj<lGx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Prix
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Prix de référence
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1 t 1 P˜N
,1 t 1 PN
,2 t 1 P˜N
,2 t 1 PN
,3 t 1 P˜N
,3 t 1
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<*pf~+j<8j<tq o3qkn9~+n+l)j5w ~/.Ipf~+*Usfw)n q)\8j xsUo\w y\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M∑
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exp(−rτm)g(τm, XN,mτm ).
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Prix
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12
13
14
15
16
17
18
19
1                
1.5              
2                
2.5              
3                
Prix de référence
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1 t 1 P˜N
,1 t 1 PN
,2 t 1 P˜N
,2 t 1 PN
,3 t 1 P˜N
,3 t 1
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Cou
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ure
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-0.6
-0.5
-0.4
-0.55
-0.45
1  
1.5
2  
2.5
3  
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1 t 1 P˜N
,1 t 1 PN
,2 t 1 P˜N
,2 t 1 PN
,3 t 1 P˜N
,3 t 1
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tH?p q)wkpfn qkj5w~9jmu|p?lBy\o	8s y5~9j= pfuqksUwGn9j5~:xsUo\wZ~ .I HUsU~9o3qkn9sft{y\j<lZ=ŁsUwW0pfwGy\lZl)o\wB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8sUtq)w)j<w o\j5~9l8l)sftq~+j<lwG<l)oJ~+qCprqklﬂ oJj~9pqk\s y\jzy\sft\t\j	yFpftJl8u<j	u|p?l<4 a t xFpfwWqkn9u5o\~+n9j5w<; sUt
y\5l)n9wGj Hrpf~9sfw)n9lGj<wo\t\j sUxJq)n9sUtﬃu|pf~+~#j<o\wGsUx<j5t y\j p?q)o\w)n qk
T = 10
ﬃGsUoJw)l<4 `j l)sUoJlWT(ﬃ)p?u<j<tq j<lWq o\t
u<sftqkw)p?qZ=ŁsUwG06pfw)yzy\j y3@3t\pf8no\jﬂ
dF (t, T )
F (t, T )
= σe−a(T−t)dWt.
`j<l Hrpf~9j5o\w)ly\j<lvx\pfwkpf 5q)w)j5ll)sUtq
a = 0.19
;
σ = 0.23
jq{~+j	qkpfo32 y#.Ln9tqk5w)75q
r = 0.05
j<t
H?p?~9j<oJwp?t\t oJj<~9~+jf4 ` p H?pf~9j5o\wMy\o lWqkw)n+Sfj(j5lGq
K = 100
jq~9p Hrpf~9j5o\wMn9tJn+qkn9p?~+j>y\o lGsUo\lWT ﬃ)pfu5j<tq H?p?oJq
F (0, T ) = 100
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(Y, Z)
lkp?q)n9lG= p?n9lkp?tq(~/.L oFprqkn9sft
w)qkwGsU*Uwkp?y\jﬂ
Yt = (F (T, T )−K)+ +
∫ T
t
f(s, Ys, Zs)ds−
∫ T
t
ZsdWs
sU}
f(t, y, z) = −(y − z
σ
ea(T−t))r
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q)j<t oJl xsUo\w(o\t\jvu5sUoMHUj5wGqko\wGj
ﬃGsUo\wGtFpf~+n5w)j
(N = 10)
jqZo\tJjmqkpfn9~+~ j y:.I@3xj5w)u5o
 
j<l
δ = 2
x\o\n9l6xsUo\w6o\tJj>u5sUoMHUj5wGqkoJw)j D =ŁsUn+l6x\pfw
ﬃGsUo\w
(N = 20)
j5qMo\tJj qkpfn9~+~+jy#.I@ xj<w)u5o
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δ = 1
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Prix
41. 10 43. 10 45. 10
11
12
13
14
15
11.5
12.5
13.5
14.5
N=10,delta=2,HC(1,0)
N=10,delta=2,HC     
N=20,delta=1,HC     
N=20,delta=1,HC(1,0)
P 0 t 0 t 1 t 2 t 3 t 4 t 5 PN
,1 t 1 P˜N
,1 t 1 PN
,2 t 1 P˜N
,2 t 1 PN
,3 t 1 P˜N
,3 t 1
M
Std 
Prix
41. 10 43. 10 45. 10
0.1
0.2
0.3
0.4
0.5
N=10,delta=2,HC(1,0)
N=10,delta=2,HC     
N=20,delta=1,HC     
N=20,delta=1,HC(1,0)
P0
t 0 t 1 t 2 t 3 t 4 t 5
PN
,1 t 1 P˜N
,1 t 1 PN
,2 t 1 P˜N
,2 t 1 PN
,3 t 1 P˜N
,3 t 1
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